Abstract. Let f : A → B be a ring homomorphism and let J be an ideal of B. In this paper, we investigate the transfer of self-injective property to the amalgamation of A with B along J with respect to f (denoted by A ⊲⊳ f J), introduced and studied by D'Anna, Finocchiaro and Fontana in 2009. We give also a characterization of A ⊲⊳ f J to be quasi-Frobenius.
Introduction
All rings considered in this paper are assumed to be commutative, and have identity element and all modules are unitary.
Let A and B be two rings with unity, let J be an ideal of B and let f : A → B be a ring homomorphism. In this setting, we can consider the following subring of A × B:
A ⊲⊳ f J := {(a, f (a) + j) | a ∈ A, j ∈ J} called the amalgamation of A and B along J with respect to f (introduced and studied by D'Anna, Finacchiaro, and Fontana in [6, 7] ). This construction is a generalization of the amalgamated duplication of a ring along an ideal (introduced and studied by D'Anna and Fontana in [8, 9, 10] . On the other hand, the amalgamation is related to a construction proposed by Anderson in [1] and motivated by a classical construction due to Dorroh [11] , concerning the embedding of a ring without identity in a ring with identity. In [6] , the authors studied the basic properties of this construction (e.g., characterizations for A ⊲⊳ f J to be a Noetherian ring, an integral domain, a reduced ring) and they characterized those distinguished pullbacks that can be expressed as an amalgamation. Moreover, in [7] , they pursued the investigation on the structure of the rings of the form A ⊲⊳ f J, with particular attention to the prime spectrum, to the chain properties and to the Krull dimension.
Self-injective rings (i.e., rings that are injective modules over themselves) play an important role in ring theory since they have connections with several kinds of rings; e.g., quasi-Frobenius rings, semiprimary rings, and Kasch rings (see [12] ). In [5] , The authors characterize an amalgamated duplication of a ring R along an ideal I, denoted by R ⊲⊳ I to be self-injective.
In this paper, we investigate the transfer of self-injective and quasi-Frobenius properties to amalgamation A ⊲⊳ f J and so we generalize [5] .
Main results
We first give some results of amalgamated algebra along an ideal. Recall that the modulation of A over A ⊲⊳ f J is given via the ring map g : 
. Consequently, by the previous considerations, we have the following maps:
One can easily check that ψ is an injective homomorphism of A−modules since f is injective. It remains to show that ψ is surjective. 
Proof. Since the short sequence ( * ) is exact and splits, there exists an A-
defined by ψ ((1, 1) ) := φ (1, 1) where
Recall that the natural structure of A ⊲⊳ f J−module on Hom A (A ⊲⊳ f J, J ⊕ ann B (J)), is defined by the scalar multiplication by (a,
And so π( f (a)) = 0 and f (a) = π −1 (π( f (a))) = 0. Using the fact f is injective, we obtain a = 0. Hence, ψ is injective. Now, we prove that ψ is surjective.
It is clear that σ 1 ∈ Hom(J, J) and σ 2 ∈ Hom B (J, ann B (J)). And so σ 2 = 0. Moreover, set k := π −1 (σ 1 ). For all
Consequently, for each a ∈ A and j ∈ J, using the fact J ⊂ f (A), there exists j
We have :
Hence, ψ is an isomorphism of A ⊲⊳ f J−modules, as desired. 
It is easy to see that φ is injective. It remains to verify that φ is surjective. Let h : A → A ⊲⊳ f J be an A ⊲⊳ f J− homomorphism and it is determined by h(1) = (x, y) where x ∈ A, y ∈ f (A) + J and y − f (x) ∈ J. Now, for all j ∈ J, we have ( 
8).
Since A is local, J is a regular principal ideal. Let z ∈ A be a regular element such that J = zA. The following descendent chain of ideals hold : ...z 3 A ⊆ z 2 A ⊆ zA. By Lemma 2.8, A is an artinian ring. Therefore, this chain is finite and so there is an integer n such that z n+1 = z n A. Then, there exists a non-zero element y ∈ A such that z n = z n+1 y and z n (1 − zy) = 0. Finally, zy = 1, making J = A, as desired.
